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Abstract 

We propose a twisted D=N=2 superspace formalism. The relation between 
the twisted super charges including the BRST charge, vector and pseudo scalar 
super charges and the N=2 spinor super charges is established. We claim that 
this relation is essentially related with the Dirac-Kahler fermion mechanism. 
We show that a fermionic bilinear form of twisted N=2 chiral and anti-chiral 
superfields is equivalent to the quantized version of BF theory with the Landau 
type gauge fixing while a bosonic bilinear form leads to the N=2 Wess-Zumino 
action. We then construct a Yang-Mills action described by the twisted N=2 
chiral and vector superfields, and show that the action is equivalent to the 
twisted version of the D=N=2 super Yang-Mills action, previously obtained 
from the quantized generalized topological Yang-Mills action with instanton 
gauge fixing. 
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1 Introduction 



It is obviously one of the most fundamental issues to understand the origin of su- 
per symmetry if any. The topological field theory proposed by Wittenpf] posed a 
possibility that N=2 Yang-Mills action can be generated by the twisted version of 
super Yang- Mills action which is equivalent to the quantized topological Yang-Mills 
theory. It was soon recognized that Witten's formulation could be derived from 
the "partially" BRST gauge fixed action of the topological Yang-Mills action with 
instanton gauge-fixing [2-5]. Here the twisting procedure played an important role 
to generate matter fermions from the ghost related fermions. After this proposal 
there have been many systematic investigations on this subject [6- 12], discovery of 
a new type of supersymmetry [13-27], related topological actions [28-32] and a new 
type of topological act ions jHSl Ell- 
in the investigations of the topological field theories of Schwarz type; Chern- 
Simons action and BF actions, a new type of vector supersymmetry was discovered [13- 
16]. It was recognized that this vector supersymmetry belongs to a twisted version 
of an extended supersymmetry of N=2 or N=4. The origin of the vector supersym- 
metry was recognized in some particular examples to be related to the fact that 
the energy-momentum tensor can be expressed as a pure BRST variation [35-3 7]. It 
was later stressed that a (pseudo) scalar supersymmetry was also accompanied to- 
gether with BRST and vector supersymmetry ||38j. The connection of the extended 
supersymmetry and the quantization procedure of anti-field formalism by Batalin 
and Vilkovisky was also investigated jHH HO]. 

Even with those intensive investigations on the relation between the quantized 
topological field theories and twisted supersymmetry, there still remained unclear the 
fundamental understandings of the relations between the BRST symmetry and the 
vector and (pseudo) scalar supersymmetry, quantization of topological field theories, 
and the twisting mechanism. 

In the previous paper [l2j one of the authors and Tsukioka showed that the 
two dimensional twisted N=2 super Yang-Mills action can be derived by instanton 
gauge fixing of the two dimensional version of the topological Yang-Mills action 
of the generalized gauge theory. This quantized action has the close connection 
with N=2 super Yang-Mills action obtained from the different context I42j . This 
two dimensional formulation is completely parallel to the Witten's four dimensional 
version of the topological field theory. In the paper it was explicitly shown how 
the BRST charge, the charges of the vector supersymmetry and the pseudo scalar 
supersymmetry constitute twisted N=2 super charges and are related to the spinor 
super charges of N=2 supersymmetry in two dimensions. The twisting procedure 
generating the matter fermions from ghost related fields is essentially equivalent to 
the Dirac-Kahler fermion formulation ^21- The R-symmetry of N=2 super symmetry 
is nothing but the "flavor" symmetry of the Dirac-Kahler fermion fields. 

The mysterious relations between the super charges of N=2 supersymmetry and 
BRST charges and the newly discovered vector and peudo schalar supersymme- 
try charges are cleared up. They have the same relations as the Dirac-Kahler 
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fermion fields and anti-symmetric tensor fields of differential forms in the Dirac- 
Kahler fermion formulation. The mechanism how the matter fermions are generated 
from the ghost related fields by the twisting procedure is essentially Dirac-Kahler 
fermion mechanism itself, i.e. the matter fermions are generated by the ghost related 
fields which have anti-symmetric tensor suffixes. 

In this article we show that there exists twisted superspace formalism which nat- 
urally accommodates the twisting procedure and the Dirac-Kahler fermion mecha- 
nism. So far most of the examples of the twisted supersymmetric models have only 
on-shell N=2 or N=4 supersymmetry. We show that the quantized BF and super 
Yang-Mills actions can have off-shell N=2 supersymmetry by introducing auxiliary 
fields. We show that those quantized BF and Yang-Mills actions can be equivalently 
formulated by a simple form of twisted N=2 chiral super fields and vector superfield. 
We can thus establish the twisted superspace formalism in two dimensions which we 
claim as the most essential formulation behind the twisted supersymmetry. 

In this article Dirac-Kahler fermion formulation plays a fundamental role. The 
original idea that fermion field can be formulated by differential forms is old back to 
Ivanenko and Landau [43j. It was later shown by Kiihler [44J that Dirac equation is 
constructed from the direct sum of inhomogeneous differential forms which is called 
Dirac-Kahler field [45-50]. Here all the degrees of differential forms are needed to 
express the Dirac-Kahler fields with "flavor" suffix which is shown to denote the 
extended supersymmetry suffix as well. 

In formulating the two dimensional super Yang-Mills action, we needed to start 
from the two dimensional version of topological Yang-Mills action of the generalized 
gauge theory. The generalized gauge theory is the generalization of the standard 
gauge theory by introducing all the degrees of differential forms and can be de- 
fined in arbitrary dimensions. In particular the generalization of the Chern-Simons 
actions into arbitrary dimensions was proposed by one of the authors (N.K.) and 
Watabiki 1221 Ell- interesting to note that the generalized gauge theory also in- 
troduce all the degrees of differential forms as gauge fields and parameters together 
with quaternion structure. 

This paper is organized as follows. In section 2 we show that the quantized 
BF models with auxiliary fields in two dimensions have off-shell N=2 twisted su- 
per symmetry. In section 3 we quantize the generalized two-dimensional topological 
Yang-Mills theory with the instanton gauge fixing and show that the quantized 
action leads to twisted N=2 super Yang-Mills action at the on-shell level. In sec- 
tion 4 we formulate the twisted N=2 super space formalism for chiral super fields 
and vector super fields and show that the quantized BF actions and the quantized 
topological Yang-Mills action of generalized gauge theory in two dimensions can be 
written down by chiral and vector superfields and thus possess off-shell N=2 twisted 
super symmetry. In section 5 we explain that the twisting mechanism is essentially 
equivalent to the Dirac-Kahler fermion formulation. Conclusions and discussions 
are given in the final section. 
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2 A simple model of twisted N=D=2 



2.1 Twisted D=N=2 Supersymmetry Algebra 

In this subsection, we summarize the construction of the twisted D=N=2 super- 
symmetry algebra [SI E]. Throughout this paper, we consider the two-dimensional 
Euclidean space-time. The notation is summarized in Appendix. 

We first introduce D=N=2 supersymmetry algebra without a central extension: 



{Qaij Qf3j} — '^^ijl^ apPpi.-' 
[J, Qai] = \{n^)cfQl3i-, 



(2.1) 

[P„P,] = [P^,R] = [J,R]=0. 



Here Qai is super-charge, where the left-indices a(= 1,2) and the right-indices i{= 
1, 2) are Lorentz spinor and internal spinor suffixes labeling two different N=2 super- 
charges, respectively. We can take these operators to be Majorana. is generator of 
translation. J and R are generators of SO {2) Lorentz and S0{2)j internal rotation 
called R symmetry, respectively. 

The essential meaning of the topological twist is to identify the isospinor indices 
as the spinor ones. Then isospinor should transform as spinor under the Lorentz 
transformation. This will lead to a redefinition of the energy-momentum tensor and 
the Lorentz rotation generator. 

We can redefine the energy-momentum tensor T^,^ as the following relation with- 
out breaking the conservation law: 

= + e^pdPR, + e.pdPR^, (2.2) 

where i?^ is the conserved current associated with R symmetry^ QUI ^]. This 
modification leads to a redefinition of the Lorentz generator, 

J' = J + R. (2.3) 

This rotation group is interpreted as the diagonal subgroup of 5*0(2) x S0{2)i. 

Now the super charges have double spinor indices and thus can be decomposed 
into the following scalar, vector and pseudo-scalar components: 



= (iQ + t'^Qm + t'q) , (2.4) 

v / aft 
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or equivalently, 



Q 



Q 



2Tr(Q) 

^Tr(7^Q) 

-^Tr(fQ) 



(2.5) 



The relations ()2.ip can be rewritten by the twisted generators: 



{Q, Qm) = {0, Q,] = -e.uP", Q' = Q' = {g, Q} = {Q^, QA = 0, 

[J\Q] = [f,Q]=0, [J^Q^] = ^e^,Q^ 

[R,Q] = |Q, [R,Qfi] = ^e^i^Q", [R,Q] = — fQ, 

[P^,P,] = [P,,R] = [J',R]=0. 



2.2 N=D=2 Super BF from quantized BF theory 



In order to reveal the fundamental relation between the quantization of topological 
action and supersymmetry, we consider the simplest example of the two-dimensional 
abelian BF theory ^Hl 129 j . The action is given by 



where M2 is a two-dimensional Euclidean manifold, e = ei2 = 1, and is a 0-form 
field. This action has the following obvious gauge invariance: 

= 0, 
du^ = a^v. 

To obtain the gauge fixed action, we introduce the ghost field c, anti-ghost field 
c, and the auxiliary field b, and define their BRST transformation as follows: 

s(p = 0, 



This is the twisted D=N=2 supersymmetry algebra. 




(2.7) 




(2.9) 



sc = 



—ib. 



sb = 
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where = 0. Then we can obtain the gauge fixed action in the Landau gauge, 



on-shell AQBF 



(2.10) 



A/2 



This action has not only the BRST symmetry p.9|l . but also has two more fermionic 
symmetries[13-27] as shown in the following table 1. We can see that these operators 























duC 





-e^pd^c 


c 










c 


-lb 





~i(f) 


h 











Table 1: On-shell N=2 twisted super transformation of abelian BF model. 



satisfy the following relations if the equations of motion holds: 

s2 = S} = §2 = 5 J = 0, ^2 
{s, s^} = -id^, {s, Sp} = ie^i^d". 

This is the twisted D=N=2 supersymmetry algebra which can be recognized by 
defining the super charge operators, 

Q„,,= (ls + 7% + 7's)„,, (2.12) 

which satisfy the following extended N=2 supersymmetry: 

{Qai,Qpj} = 2d,j^^^pPp. (2.13) 

Thus the quantuzed BF theory fixed in Landau gauge has the twisted D=N=2 
supersymmetry at the on-shell level. 

By adding auxilialy fields to eq. ()2.10|) we can find off-shell N=2 supersymmetric 
action 

-^off-shell AQBF = t^^x[e^>(9^a;^ + bd'^u^ - iWd^c - iXp], (2.14) 

which has the off-shell extended N=2 supersymmetry invariance shown in Table 2. 

It turns out that the off-shell N=2 supersymmetric action is equivalent to the 
following simple form: 

^off-shell AQBF = j^^ d^xBs^e'^'SpS^i-icc). (2.15) 
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5^0^ 


S(f)^ 




ip 









d^c 


— ie^j^A 




c 










c 


—ib 





— 


h 







-ip 


A 









P 





-5^,0 - e^^d^b 






Table 2: Off-shell N=2 twisted super transformation of abelian BF model. 



This form of action suggests that there is a superspace formulation of extended 

twisted N=2 supersymmetry. 

The extension from abelian group to non-abelian group is straightforward. The 
off-shell N=2 supersymmetric quantized BF action with non-abelian gauge group is 
given by: 

'S'off-shell NABQBF ^ j^"^'^^ ["^^ + ^^"'^'^ + id'^cD^c - iXp], (2.16) 
where the fields are all Lie algebra valued and 

F = e^'id^u^ + u^u,) (2.17) 
= a^c+[a;^,c]. (2.18) 

The off-shell extended N=2 supersymmetry transformation is given in Table 3. 













[(j), c] + ip 









D,c 


-ie^yX 




c 


-c^ 


-iUf, 





c 


-ib 





—i(j) 


b 





^^,c 


-[0,c] - ip 


A 


F-{A,c} 







P 


-{P>c} 


-D^(j) - e/^yd^b - ie/^^id^c, c} 






Table 3: Off-shell N=2 twisted super transformation of non-abelian BF model. 

Just hke in the abehan case this off-shell N=2 super symmetric action can be 
equivalently written down by the same simple form as the abelian case 

"^off-shell NABQBF = (fxss^e'^'s^SyTri-icc), (2.19) 
which again suggests the N=2 twisted superspace formalism. 
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3 N=D=2 super Yang-Mills from quantized gen- 
eralized topological Yang-Mills 

In this subsection, we briefly summarize the formulation of the generalized gauge 
theory introduced by Kawamoto and Watabiki |33| and the twisted D=N=2 
generalized topological Yang-Mills mo del [T^. 



3.1 Generalized gauge theory 

The generalized gauge field A and the generalized gauge parameter V are defined 
as follows: 

A = li/j + ill) + jA + kA, (3.1 
V = Id + ia + ja + ka. (3.2 

Here (■0,a), ('?/', a), {A, a), and {A, a) are the direct sums of fermionic odd-forms, 
fermionic even-forms, bosonic odd-forms, and bosonic even-forms, respectively, and 
they are defined as the following graded Lie algebra valued fields: 

A = A'^Ta, A = i°E„ ij = ij^E^, ^ = rTa, (3.3 
d = d^Ta, a = a'^Ea, a = a = a^Ta, (3.4 

where the generators Ta and Sq, satisfy the relations 

[Ta.Tb] = fabTc , [Ta, S/3] = 5'2/3^7 ' i^"' = Kxl3^c- (3.5 

The symbols 1, i, j, and k satisfy the following quaternion algebra: 

1^ = = = k^ = -1, (3.6 
ij = -ji = k,jk = -kj = i,ki = -ik = j. (3.7 

The generalized Chern-Simons action on the even and odd dimensional manifold 
are given 

Snd 



Trk (aQA + '^A^ , (3.8 
f Strj (aQA + Ia""] , (3.9 



where the traces Trk(- ■ ■ ) and Strk(- ■ ■ ) are defined so as to pick up the coefficient 
of k and j from (■■■), respectively, and fulfill the following characteristic of traces: 

Tr[T„---] = Tr[S,,--.] = 0, 

Str[T„,---] = Str{S„,---} = 0, ^ ' ' 
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where the number of Sq,s in ■ ■ ■ of {Sq, ■ ■ ■ } should be odd. The differential operator 
Q is defined as follows: 

Q=]d. (3.11) 

where d = dx^d^. 

The generalized Chern-Simons actions ()3.8|1 and ()3.9j) are invariant under the 
following gauge transformation: 

5A=[Q + Ay]. (3.12) 

This symmetry is larger than the usual gauge symmetry since the generalized gauge 
parameter V contains the various form parameters. 

As in the usual gauge theory, it is possible to define the generalized Chern char- 
acter: 

Strl(^") = Strl(Q^]2„^l), (3.13) 
Tri(^") = Tri(Q^]2„-l), (3.14) 

where T is the generalized curvature 

J^=QA + A^, (3.15) 

and VL2n-i is the generalized Chern-Simons form. Equations ()3.13j) and ()3.14j) are 
bosonic even form and bosonic odd form, respectively. In case of n = 2, the topo- 
logical Yang-Mills type action can be obtained from the generalized Chern-Simons 
Lagrangian in an even-dimensional manifold M as follows: 

Stym = [ Stri(J-2) = / Stn 
Jm Jm 



Q 



AQA + -A^ 



(3.16) 



3.2 Quantization of generalized topological Yang-Mills ac- 
tion in D=2 

The two dimensional generalized gauge field without fermionic components can be 
taken as the form 

A = j^"r" + k(0" + S")S°, (3.17) 

where 0, u, and B are graded Lie algebra valued bosonic 0-, 1-, and 2- form field, 
respectively. We can take the following algebra as the graded Lie algebra: 

{Tn = {l,7n,{S°} = {y,f}, (3.18) 

then Str can be taken 

Str(---) = Tr(7^---)- (3.19) 
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The generalized curvature is given by 
^0 = QAo + Ao^ 



= -lidto + 0' + {0, B}) + i{d<P + [u, 0]). ^^'^^^ 
Now two-dimensional topological Yang-Mills action is given as follows: 



Stym ~ 2 [ ^^^1-^ 3^ ~ 2 ^ ^^^^ 



J d\e'^'^(F^,|0|2 + e''\D,<j))aiD,<P),) (3.21) 



where F^^ = df,u^-d^Uf„ |0p = 0"0a, and {D^(p)a = d^(j)a-2eabi^^,(p^ ■ In this action, 
the scalar component of even form generators for the 1-form field and odd form 
generator components of the 2-form field drop out due to the reducible structures 
of the gauge transformations. Then the generalized gauge transformation turns out 
to be the following SO {2) gauge transformation: 

5gauge(t)a = 2f ea^,(/)^ 

A — f) [o.ZZ) 

gauged ^ OfiV., 

where v is the 0-form gauge parameter. 

The Topological Yang-Mills action ()3.2ip has the topological shift symmetry: 

^shift't'a = (3 23) 

where Ua and are the shift parameters. 

We can see that the action ()3.21|) is invariant under the following BRST trans- 
formation: 





= 2e„,0''C - a, 






sC 


= -V, 


sCa 






= df,v, 


ST] 


= 0, 



(3.24) 



where C, {Ca, C^), and r) are the ghost associated with the 50(2) gauge parameter, 
and the ghosts of the topological shift symmetry, and the ghost for the ghost of the 
reducible gauge symmetry, respectively. 
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We can find a two-dimensional instanton relation of the generalized gauge system 
by imposing the self- (anti-self-) dual condition: 

*JS = ±^0- (3.25) 

Here the dual operator * operates on the differential forms as the Hodge dual op- 
eration, furthermore the dual of the generators and the quaternions are defined as 
follows: 

*1 = -7^^ ^^'^ = = -1, (3.26) 

*1 = 1, *i = -i. (3.27) 

Then we can find the following minimal condition of the action leading to the 
instanton relations: 



^ j Stri (iJ-Q A ^0 + -^0 A *^o) 

rf^x ((F ± 101 Y + 2(D,0)i^)(^»^^^") 



(3.28) 



where F = |e^,F'^^ and (D;.0)i^^ = l[{D^(j))a ± e^,eab{D''(Pf]. The instanton 
relations are obtained from the conditions for the absolute minima of the generalized 
Yang-Mills action: 

F-|0p = O, (D^0)i-) = O. (3.29) 
Now we consider the following "partially" gauge fixed action: 

S = So + s j (fx (vd^C^ 



+ s (fx 



xiF-\<j>\'-^n] - X^'^ ( (l?,0)i-) + ivr,. 



(3.30) 



+ s j (fx [-2ie''^f](t)aCi 



where 



sr] = p, sp = 0, 

sX = 71, svr = 0, (3.31) 



Here {fj, A, x^la) and (p, tt, tx^o) are the anti-ghost fields and auxiliary fields, respec- 
tively. And the second, and the third terms in the right-hand-side of (I3.30j) corre- 
spond to the condition of the gauge fixing d^C^j, = (the term "partially" means 
that the degree of freedom for the SO (2) gauge parameter v is unfixed), and the 
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instanton relations ()3.29p . respectively. The anti-self-dual fields x^la and rc^a obey 
the following conditions: 



,ub 



ub 



After integrating tt and n^a in ()3.3U|) . we obtain the following action: 

'1 



(3.32) 



S 



d X 



nb 



(3.33) 



This action is invariant under the S0{2) gauge transformation: 



^ gauge \ 



^'a,a,X/.a) = 2^;e,,(0^C'^x/), 



(3.34) 



gauge \^ fj. 



{C^,p,X,r],r]) = 0, 



where v is the gauge parameter. 

Furthermore the action ()3.33p has the fermionic symmetries s, s^, and s defined 
in Table 4. These transformation laws construct the on-shell twisted N=2 super- 



0^ 




















— ^abC^ 


Xva 




-Ai{5^u<^ab - epy5abyn4>^ 






C 






A 


-2i{F-m 


2ie^pdPf] 





Ca 


-2ieab4>^ri 


-2z(D^0)i+^ 


-2i(j)a'n 


V 


P 





-A 


a 




^{F^,^ + ef,u\(l)\^) 


-2i{F-m 


p 





2id^f} 


V 





2C^ 






Table 4: On-shell N=2 twisted super transformation, 
symmetry algebra: the operators s, s^, and s obey the following relations if the 
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equations of motion obtained from the action ()3.33p holds: 



= i5 

"J 1''^ gauge rj) 
{.^1 •5/^} 2iC?^ '^i^ gauge a;^ i 
{■^i "S/xJ" 2ze^;/(? -|- '^'iSgauge e^^oj"; 

= i5 

■J ''^ gauge rj) 

{s,s} = 0, 

{s^, Sj/} '^'iSfj.i/^ gauge rji 



(3.35) 



where ^^^^^^ is given in (|3.34p. 

The ghost field sets {p,C^,\) and (Ca,x^a) can construct the Dirac-Kahler 
fermions as follows: 



^ = i(p + 7'^C^-7'A), 
Indeed the kinetic terms of these fields in fl3.33p can be expressed as 



(3.36) 
(3.37) 



d X 



zTr(^7'^a^^) + iTiixi^d^x) 



(3.38) 



where {^,x) = {C^l;^C-\Cx^C-') = (^^,x^)- 

Thus the action turns out to be the following action with the Dirac-Kahler 
fermions ip and X'- 



S = j (fx -F^'^F^, + (D^0),(D'^0)* + |0|4 

+ «Tr(V^7'^9^V) + ^Tr(x7''D^x) 

- 4i0iTr(V^7^x) + 4z0iTr(V^7\7^) 

- zV2ATr(x7'x) + ^V2STr(xX7') 

- \Ad^A + \Bd^B + 2(^2 - 5^ 

where D^x = df,x + '^^^fiXl^, and 

^=i72(^-^)' V = V2iA + B). 



(3.39) 



(3.40) 



This action is equivalent to N=2 super Yang-Mills with the Abelian Higgs system 
jH] and also topological Bogomol'nyi theory jl21 except for the symmetry breaking 
potential. 
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4 Twisted N=D=2 superspace formalism 



In this section we propose the twisted superspace formahsm which will reproduce 
the off-shell N=D=2 BF model and the super Yang-Mills action of the previous 
section. 



4.1 Twisted superspace and superfield 

We consider the following group element: 



(4.1) 



where all ^'s are anticommuting parameters. Twisted D=N=2 superspace is defined 
in the parameter space of (x'^, ^, 9^, 9). 

By using the relations ()2.fij) and the Hausdorff's formula e'^e^ = e'^+'^+al^^'-^l+'^j 
we can show the following relation: 

G(0, 9, r , 9) = Gix'' + a^ ^ + ^ + + f), (4-2) 

where af" = + ^^''9 + f e^^<^^^ + fe'^^f^^ This multiphcation induces a shift 
transformation in superspace (x^, 9, 6"^, 9): 

(x^ 9, r , 9) ^ (x^ + ^ + r + e^ ^ + 0- (4.3) 

This transformation can be generated by the differential operators Q, Q^, and Q: 

1 + 5""^- 



Indeed we find 





Q 








Q 






9 


= 







^ +'7:9d,-'-h,,d 



^9^' ' 2" ^ 2 



(4.4) 



These operators satisfy the following relations: 



/x^\ 
9 

9^ 



(4.5) 



{Q, Qi^} = id^, {Q, Q^} = -ie^.^d", 

Q' = Q' = {Q,Q} = {Q,,Qu} = 0. 



(4.6) 
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The general scalar superfields in twisted D=N=2 superspace are defined as the 
functions of (x^, 6, 6^, 6), and can be expanded as follows: 



Fix", 9, 9", 9) =(f){x) + 9y^{x) + 9^^{x) 

+ 9(^ij{x) + 9^'ij^{x) + 9^{x) 

+ 9(xi^) + 9>^X,{x) + 9'x{x) 

+ 99(x{x) + 9^'X^{x)+9^~X{x 



(4.7) 



where the leading component <f>{x) can be taken to be not only bosonic but also 
fermionic. 

The transformation law of the superfield F is defined as follows: 

5^F{x^', 9, 9", 9) =5^4>{x) + 9^5^(t)^,{x) + 9'^5^^{x) 

+ 9(6^iP{x) + 9^'5^'>P^{x) + 9^5^^{x) 

+ ~9{5a{x) + 9^5a>.{x) + 9Ha{x)) (4.^ 

+ 99[5^X{x) + 9^'5^X^{x) + 9^5{X{x) 
={^Q + eQ, + ^Q)Fix^,9,9^,9), 

where Q, and Q are the differential operators ()4.4|1 . The transformation laws 
of the component fields 0^(x) = {(j){x),(f)^j,[x), tp{x), . . .) are obtained by compar- 
ing coefficients of the same superspace parameters in ()4.8|) (see Table 5). Those 
transformation laws lead to the following super-charge algebra: 

{Q,Q^.} = -id^, {Q,Q^} = ie^^d" , 
Q' = Q' = {Q,Q} = {Q^,Q.} = 0, 

which are the same of ()2.(ij) with = —id^. It should be noted that the only differ- 
ence between the super charge algebra and the corresponding differential operator 
algebra is a sign difference for the derivative. 

Given the transformation laws of the component fields, we can expand the su- 
perfield F as follows: 

F{x^, 9,9^^,9) = e^O(p{x) 

1 1 1 (4.10) 

= 0(x) + 5e(pix) + -5e^(j){x) + ^5e^0(x) + ^5eV(x), 

where 6g is defined as 

6e = 9Q + 9^'Q^ + 9Q. (4.11) 

As we have seen, the differential operators in ()4.4|1 generate the shift transfor- 
mation of superspace induced by left multiplication ^(0, C., C^, C)G{x'^, 9, 9^, 9). On 
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0^ 










^ . 


<Pp _ 




0p 




-epp<^ 


-Xp + lep^^''^ 









X - t^^^p 


V' 





^p 7 t^P^ 


A 






-Cpp^ + ^dpcpp 


-Ap + {ep.d'^i^ 




fe^'^pV'. 




A - f 5^^p 


X 


-A 


Xp + fepi.S''^ 





Xp 


Ap - i^px 


^ppX 2^pud (j)p 


+ lep„d-X 


X 


-A + '^eP-dpXa 




-hd'Xp 


X 





Kjv \dpX + f ep;.^''^/' 





Ap 


-ta,A 


^ppA 2^pXp 2^pud V'p 


f Cpo-c^'^A 


A 


te^'SpA, 


|<9pX + fe^^^'^V' 


-fa^Ap 



Table 5: Transformation laws of the component fields of F 



the other hand, there exist the differential operators which generate the shift trans- 
formation induced by right multiphcation ^(x^, 0, 9^, 0)G{0, ^, ^): 

D, = -^-'fa,+ '-k,,ff', (4.12) 



(4.13) 



which satisfy the relations: 

{D, Dp} = -tdp, {D, Dp} = %ep,d\ 

D2 = d2 = {D,D} = {D^,DJ = 0, 

where only the sign of dp is changed from the left operator algebra ()4.6|) . = 
{Qi Qpi Q) and = (D, Dp, D) anticommute: 

{Q^,D^} = 0. (4.14) 

4.2 Chiral decomposition of twisted supercharge 

We have defined the general scalar superfields in the previous subsection. However 
their representations are reducible. We can obtain the irreducible representations 
by imposing chiral conditions. In this subsection we introduce the twisted chiral 
differential operators by which superfields can be classified. 
Let us first introduce the following chiral generators: 

g± = -^(QT^g), Q^p = ^{Qp±iep,Qn- (4.15) 
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As we can see from ()2.6|) . these new generators satisfy the following relations 

Q±2 = o, {g+,g-} = o, 



{Q^, Q^J = stP\ {Q^,Q^J = 0, (4.16) 



where 



5% = 5^,±ie^,. (4.17) 

The super-transformation 5g can be represented by the generators , ^, Q~ , 
and Q-^: 

5e = eQ + e^Q^ + 9Q = r Q+ + |^-^g+^ + 9+Q- + |0+^Q-^, (4.18) 

where 

0^ = -^{0 T t~e), 9^, = -^{6,, ± te^^en. (4.19) 
These new parameters satisfy the following properties: 

(9^y = 9^, (9^^)* = 9^^, (4.20) 

where 9'^'^ and 9~^ are self-dual and anti-self-dual parameters, respectively, in the 
following sense: 

9^^" = ±ie>"'9^^. (4.21) 

Now we redefine superspace by newly defined fermionic chiral parameters 
[x^ , 9^ , 0+^, 9^ , 9^^). The differential operators corresponding to the chiral genera- 
tors defined in ()4.15|) are obtained from ()4.4p 



^ 89^ +4 



(4.22) 



which satisfy the following operator relations: 

Q^' = o, {Q+,g-} = o, 

{Q^,Q^,} = id^„ {Q^,Q^,} = 0, (4.23) 

{Q^„Q^.} = o, {Q^„Q-.} = o, 

with 

6'% = <9^±^e^,a^ (4.24) 
It is worth to note the following relations with the current conventions: 

d 



89^ 



d 


( ' y=- 


8 




89^' 


\8e^^' J 


89^f' 






- " 




(4.25) 
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where 5^^ is defined in ()4.17|) . 

The differential operators which generate the shift from right multiphcation are 
obtained from ()4.12|) 



(4.26) 



which satisfy 



D±2 = o, {D+,D-} = 0, 

{D^, D^^} = -2d^„ {D^, D^^} = 0, (4.27) 

{D%,D\} = 0, {D%,D-4 = 0. 

The differential operators Q'"^ = (Q^, Q^^) and D'^ = {D"^, D^^) anticommute: 

{g'^,D'^} = 0. (4.28) 

4.3 Chiral superfields 

We can classify the chiral superfields into four types which are constrained by the 
following four types of conditions: 

= D-^ = 0, (4.29) 
D+^^ = D-^^ = 0, (4.30) 
= = 0, (4.31) 
= Z^-^$+ = 0. (4.32) 

Here in this subsection we consider that the superfield has single component and 
thus all the component fields have abelian nature. 

4.3.1 ^ and 

Firstly, we consider the chiral superfields characterized by the conditions ()4.29|1 and 

From the definition ()4.26|) we see that the condition ()4.29|) is equivalent to the 
condition 

= m = 0. (4.33) 
The superfields satisfying the above condition are functions of 
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and 6'^ since 

Dz^' = D9'' = 0, Dz^" = JDO^" = 0. (4.35) 
In general we have the following relation: 

= e^V i^x" - '^dd^ + ^€^"0,0^ , (4.36) 

and thus 

e^Oifix'') = e'"'^^e'^-^''^ip{z''), (4.37) 

where Sq is given by 1)4.111) . Therefore the chiral superfield \1/ can be expanded as 
follows: 

= <piz) + e^cp.iz) + e-'^iz) 

= cP{x) + ey^ix) (4.38) 
+ I ^^^a^0(x) + ^20(x) - ie^r^a^0(x) 

+ ^eeh'^'d^cf), - \Q''~Bd^<\>^ + i^"920(x), 

where Q'^ = le^J^'e" and 9'^ = 999^. The set (0,0^,0) constructs twisted N=2 
off-shell super multiplet(see Table 6). 



0^ 




















-idp(j) 













-idP(f)p 




X 





X 


X 





-idpilj 




X 














iefiud^x + id^X 






Table 6: Chiral twisted super multiplet (0,0^,0) and ('0,x,x,'0). 

On the other hand we can see from ()4.26p . the conditions in ()4.30p are equivalent 
to the condition 

Dp^ = 0. (4.39) 
This type of chiral superfields are the functions of 

z" = x^- ^99^" + ^€^^"9, (4.40) 

and 9, 9 since 

Dpz' = 0, Dp9 = D^9 = 0. (4.41) 
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Then can be expanded as follows: 

^ = ^(F, e, 6) = e^oi/jix) = e^^+^^-^i^) 

= tpcz) + ex{s) + em + ee^pcz) 

= ij{x) + ex + 9x (4.42) 

+ ee^j{x) - ^ee^'df.ifjix) + y^'j^ed^tpix) 
- iee^eie.^d-'x + d,x) + \9'd'^pix). 

The set ('0,X)X)'0) also constructs a super mult iplet (see Table 6). 
We now introduce off-shell N=2 supersymmetric action: 

(4.43) 

We can take the chiral superfields to be not only bosonic but also fermionic. e,i, 
should be taken or 1 for bosonic or fermionic (\E', \E'), respectively. 

For fermionic (\E',\E'), the fields in the expansion of the superfield ()4.38|1 and 
()4.42|1 can be renamed as: 

^ = ^(^^, r) = ie^'(3^c{z) = ic{z) + e^'ujJz) + ie^X{z) 

_ _ ~ -- ~ ~ (4.44) 

^ = 'i!{z'',e,e) = ie^'^+'^^c{z) = ic{z) + eb{z) + e(p{z)-ieepiz), 

where we have the correspondence of the fields; {ip, x, X-, "0) ~^ (^c, 6, 0, —ip) and 



tj-iA). Then the action ()4.43|) leads 



= [ d'^x QQ^-e^^'Q^Q^i-icc) 

= j d^x (^(t)e'"'d^Lj^ + bd^uj^ + id^Wc - iXp^ , (4.45) 

where 6g is defined in (14.1111 . This action is exactly the same as the quantized BF 
action ()2.14|1 which is off-shell N=2 supersymmetric. The off-shell N=2 supersym- 
metry transformations of the fields in ()4.44p is given in Table 6 and is exactly the 
same as those of Table 2. 

As we have already pointed out that the simple form of the action ()2.15p has 
suggested a hidden mechanism of a superspace formalism. We have in fact found the 
twisted N=2 superspace formalism which reproduces the quantized BF action up 
to the last term —iXp which includes auxiliary fields and is crucial to fufill off-shell 
N=2 supersymmetry. We find the following correspondence: 

s = Q, s^ = Q^, s = Q. (4.46) 
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where s = Q can be regarded as BRST charge associated with the gauge symmetry 
S gauged fj, = dfj,v with the Landau type gauge fixing, 9^a;^ = 0. Integrating A and p 
out, the action ()4.45|) coincides exactly with the quantized BF action ()2.10|) . where 
the off-shell N=2 supersymmetry reduces to on-shell N=2 supersymmetry. 
For bosonic (\E', \E') the action ()4.43|1 can be written as follows: 

A/2 ^ 



d^x (ixe'"'d^4>u + ixd^(t^^. - d^^d^<j) + , (4-47) 

where {(f),ip, (fiy'ip) and x) are bosonic and fermionic fields, respectively. The 

fermionic terms in ()4.47j) change into matter fermions via Dirac-Kahler fermion 
mechanism: 

J d^x {ixe'^'d^cP, + ixd^<p^,) = J d'^x Tr {i^'y''d^^) (4.48) 

where the Dirac-Kahler fermion ^ is defined as 

^^^ = ^{lX + r<P, + l'x),^, (4.49) 

with ^ = C^^C = C,^. We can recognize that each spinor suffix of this Dirac-Kahler 
fermion has the Majorana Weyl fermion nature. We now redefine the bosonic fields 
as follows: 



(4.50) 



00 = ^(0 + i^), 01 = ^(0 - -ip), 

^O = ^(0 + ^),i^l = ^(0-^). 

Then the action ()4.47|) can be rewritten by the new fields: 

Sb= d'x J2 {^CJ^apd^Cp' + d,c^W<P' - F^r) , (4.51) 

where we further redefine i(pQ 02 and iFo — F2 ^. This is the 2-dimensional version 
of N=2 Wess-Zumino action which has off-shell N=2 supersymmetry invariance. It 
is important to recognize at this stage that the second suffix of the Dirac-Kahler 
matter fermion in the action is N=2 extended supersymmetry suffix. 

■^In general the ghosts carry the indefinite metric and thus have non-unitary nature while this 
type of supersymmetric model is unitary. This change of sings for the quadratic terms can be 
related with this fact [ST]. 
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This shows that the fermionic and bosonic chiral bi-hnear form of the super- 
field actions lead an extended version of the quantized BF action and Wess-Zumino 
action, respectively, which have off-shell N=2 supersymmetry invariance. It is in- 
teresting to note that this extended quantized BF action ()4.45|1 can be transformed 
to the D=N=2 Wess-Zumino action. To see this, we make a chain of redefinitions 
of fields, {(f), (j)} {(f), p} {tf)f,} and {x, ^ {x,a,P,x} ^ {xJ,P,x} ^ 

{(f)o,(f)i,Fo,F,}: 

(t> = -d'^p, i)^ = df,(f) + e^y&'p. 

Then the action ()4.45|) can be rewritten as the following Wess-Zumino action: 

Sf= (fx J2 [ii^al\pd^^p + d^(f)'d^(t)' - F'F") , (4.53) 
i=i 

where we again redefine i(f>Q — > (f>2 and iFq Fi, and the Dirac-Kahler matter 
fermion ■0^/3 is defined as 

^«^ = J(l^ + 7'^^^ + 7'^) , (4.54) 

where we have identified the second suffix of the Dirac-Kahler fermion as N=2 
supersymmetry suffix. 



4.3.2 Non-abelian Extension 

In this subsection we extend the abelian version of twisted superspace formulation 
of the previous subsection into non-abelian case. We point out that the extension 
from the abelian to a non-abelian version is straightforward, however, the chiral 
structure is sacrificed by the non-abelian nature. Using the general relation ()4.37j) . 
we obtain the following superfield generated from the non-abelian ghost field: 

^ = e^«c(x^) = e^^'^e^'+^'ciz") (4.55) 
= e'^'^ic + ei-c^)), (4.56) 

where we have introduced BRST transformation of the non-abelian ghost field: sc = 
— in Table 3. Thus the superfield \l/ is the function of z'^, 9^ and 6, and thus is 
not twisted chiral superfield anymore since it includes 9 and thus 

^0, m = 0. (4.57) 
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We can yet expand the superfield in the following form: 

^ = c{z)~ie^'u^{z) + e^x{z)-ec\z) + ie9^'[u^{z),c{z)] 

-99' (^{Xiz),ciz)}-^e^'^[co,{z),u;,{z)] 

= c{x) + ^99^'d^c{x) + ^r^e^^a^c(x) + ^9^d'c{x) - Oc^x) - ^99^'9e^^d''c\x) 
-ie^'io^ix) - ^9'9d^'u^{x) + ^99h^"'df,Lj^{x) + 9'X{x) + i99^'[iu^{x),c{x)] 
+ ^^^a'^[a;^(x),c(x)]-^^2({A(x),c(x)}-e^'^[^^(x),a;,(x)]). (4.58) 

Similarly we can construct the superfield \l/ generated from the nob-abelian anti- 
ghost field: 

^ = e''«c(x'') = e^'+^' e^"^" c(F) = e'^'^^' c(F), (4.59) 

which satisfies twisted anti-chiral condition ()4.39p . We can expand the superfield \E' 
in the following form: 

^ = c{z) -t9b{z) -ie(l){z) +t99 {[cl){z),c{z)]+ip{z)) 

= c{x) - U9^'d^c{x) - U^'ee^,^d''c{x) + \e*d'c{x) - i9b{x) - ^6'^^^e^^a^6(x) 

-i9(j){x) - ^99^'9d^(f){x) + i9~9 ([^(x), c{x)\ + ip{x)). (4.60) 

Even though \E' is not twisted chiral superfield we can still construct the off-shell 
N=2 twisted super symmetric non-abelian BF action just like the abelian case: 

•^off-shell NABQBF = / / "^A^"^) = / / e^^Tr(-zcc) 
= J (fx ss-e^'^Sfj_Si,Ti{—icc) 

.j^.^.^F^,8^.,^.3^.n,.-.M. ,4.61, 

4.3.3 $ and $+ 

We consider chiral superfields constrained by the conditions fl4.31|l 

D-^ = = 0, (4.62) 

where the gauge algebra is not introduced here. This type of chiral superfields are 
the functions of = x^ + ^9+9+^' - ^9-9-'', 9+^\ and 9~ , since 

D-yf" = 0-9+^" = D-9- = 0, 

D+y^ = d;9^'' = D+9-=0. (4.63) 
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Then the superfield can be expanded as follows: 



4>{y) 

= 4>{x) + \e+^c,{x) + e-i{x) (4_g4) 

o 

where ^~ ^ and -ftT"^ are anti-self-dual. The N=2 supersymmetry transformation 
for the component fields 0, ^, and -ft'"/^ can be obtained by operating the 
differential operators ()4.22|) to this representation (see Table 7). 

Another type of chiral super fields can be obtained by taking a conjugation 
of $, 

$+ = $* = </,*(a;) - U-^t^{x) - e+c{x) 



(4.65) 



- l0+9-9+^e-^d^(j)*{x) 

8 

= <p*iy^) - + 0+ (-r(2/+) - ^r^K+,(y+)) 

= <l>+(2/+^r^^+) = e^^«"+^^""«^(^(y+), 

where = {^^,)*, K+ ^ = {R- ^,)\ and y+f" = x^" - ^O+e+f" + f^"^-'^. Indeed $+ 
satisfy the following conditions: 

= = 0, (4.66) 

since 

D+y+^ = D+e+ = = 

D;y+'' = D-^e^ = D-e-'' = Q. (4.67) 

Similarly we can find N=2 supersymmetry transformation laws of the component 
fields 0*, i\ and K+ ^{see Table 7). 
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Table 7: N=2 super-transformation of chiral twisted super multiplet. 

(0,rp,e,^-p) and (0*, e+p, r, and K+p). 



Since component of transforms into a space derivative, the following 
action is invariant under N=2 super-transformation: 



S 



(fx I (fe 
1 



(fx 



- '-d~>^t,i - \d^'r,C - \k~pK^^ 

\d,(^.dy' - '-d^^.ij - '-e^'^dpi,^ - \KpK^ 



(4.68) 



where in the last equality we use the following redefinitions of fields: 

1 



1 



(4.69) 



Here again, the set of fields ("0, ^/i, "0) in ()4.69|) lead matter fermion via Dirac-Kahler 
fermion mechanism: 



- I d'x [ -d^ip^J + -e^'dpi^ij 



d'x Tr ( -ii^dpi 



where 



(4.70) 



(4.71) 



and e = cec = e- 

As we will see later, these types of chiral superfields will appear when the Yang- 
Mills type action will be introduced. And then the fermionic contents (^, p, ^~ p) 
will lead to matter fermion via Dirac-Kahler fermion mechanism again. 
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4.4 Vector superfields and gauge transformation 

Vector superfield is defined as the superfield satisfying the condition 

V = V*, (4.72) 

and can be expanded as follows: 

+ ]^e+e+^uj-^{x) - U-e-^uj+^{x) + e+e-A{x) + U+^^e-^Bix) 

+ \e^e^^e- [x-,{x) + '-d-,r^{x)^ - U^e-^e- [\\{x) - '-d\^\x)^ 

+ Id-e^^e-, [\{x) + '-d\r^-^{x)^ - \e+e+^^e-, (^\\x) - '-d-,n^^{x)^ 

+ [d{x) - ^-d^L{x)^ , (4.73) 



where L, A, B, and D must all be real. 

We consider the following transformation: 

V^V' = V + A + A+, (4.74) 

where A+ = A* and thus A + A"*" satisfies the vector superspace condition ()4.72j) . 
Here A and A+ are chiral superfields, 

A = v{x) + U+^c^ix) + r c(x) 



and 



+ ^e^e+^'d-^vix) - ^e-e~^d+f,v{x) + ^9~e+^N~^{x) 



A+ = A* = v*\x) - \e->^c^^{x) - e^cix) 

- ^-e+e+^'d-^v^x) + ^r^-^a+^t;*(x) - ]^e~e+^N+^{x) 
+ '-e+e^pe-pd->'Q+^{x) + l^r^r a+^c(^) 



(4.75) 



(4.76) 



1 
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where D^K = D = and D = D+^A+ = 0. Under this transformation, the 



component fields of V transform as follows: 

L ^ L + v + v* 



^^%+ 2^^/^(^"^*)' (4.77) 



A ^ A, 



D. 

While = :^(^^Ai + ^"z^) transforms as: 

ujf,-^ujf, + df,lm{v), (4.78) 

where we can identify and Im(t') as the gauge field and the gauge parameter, 

respectively. Then the transformation ()4.74|) . or ()4.77|) . can be regarded as the 
super symmetric generalization of the gauge transformation. 
We introduce the following superfields: 

W = ^D-D-^D+^'V, (4.79) 

= D+^D-D+V. (4.80) 



These are chiral superfields: 



D-W = 0, D^^W = 0, 
D-W^ = 0, D+,W^ = 0, 

and they are gauge invariant under the gauge transformation ()4.74j) . 



(4.81) 



1 

2' 

^ D-^D+D-{V + A + A+) = W^. (4.83) 



W -D+D+^D-^'iV + A + A+) = (4.82) 



In the following subsection, we introduce the super and gauge invariant action 
described by the chiral super fields ($, VT, VF^), anti-chiral super field and the 
vector superfield V. 
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4.5 Twisted super Yang-Mills action 

We introduce the following action: 



S=^j (fx J dO+^'dO-WW^ + A j d^x j d^e $+e^^$, 



(4.84) 



where g is a constant, $ and are chiral superfields ()4.fj4j) and ()4.(i5|l . respectively. 
The gauge transformations of the chiral superfield are defined as follows: 



(4.85) 



Since W and Wf^ are chiral superfields, 9^^6^ component of WW^^ transforms into a 
space derivative, and therefore the first term in ()4.84|) is super and gauge invariant. 
The second term is trivially super and gauge invariant. 

By using the degrees of freedom of the gauge parameters except Im(t>), we can 
take a special gauge, Wess-Zumino gauge, in which L, 77=*=^, ?], and M^*"^ are all set 
to be zero by adjusting the parameters; v + v* , ("^fj,, (, and A^^^ respectively: 

v{x^',9+,e+>',e-,e-^') 
= -e+e+^u-. - -r 0-^c^+„ + 0+9- a + -9+^9- 

+ -0+0+f^0-\- _ ig^+r^r A+. 
2 2 ^ 

+ -9-9^P9-pX - -9+9+P9-,X* 
2 ^2 

+ ^9+9-9+^9-^0. (4.86) 
Then W and turn out as follows: 

Wiy^", 6*+^, 9-) = X* -9- (^D- ^d+^uj-p + ^d-^uj^ 

+ '-9+f^d-^B - Ir ^+^a-,,A, (4.87) 
W.iy'^, 9-) = -A+^ + i9-d+,A 

+ 9+, (^D + \d+Puj-p - ^3-"^+)! + 9+^A-,. (4.88) 

Once we take the Wess-Zumino gauge, the structure of supersymmetry breaks 
down. The action is, however, invariant under a new supersymmetry transformation 
combined with the gauge transformation; 5 = S super + ^ gauge- We can redefine this 
combined transformation as the new super transformation, where the new super- 
symmetry algebra closes up to the gauge transformation. 
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Now the action ()4.84|) in the Wess-Zumino gauge turns out as: 
S = I (fx 



4" " 4 

i2 1* 



2d 
9 



+9' {' 



UJ ^UJ 



+ 2AB(t)(t)*) 



(4.89) 



We redefine the component fields as: 

1 , , 



V2 
1 

V2 
1 

7! 



71- 



1 



A = ^(p - A^ = y|(A^M + A m)' 



1 



(4.90) 



(Cl-^C2),K^ = -^(K% , ^„ 



where is the anti-selfdual field which obeys the condition x^ti = —^fiu^ijX 
Then the action can be rewritten as follows: 



S 



^F^'F^, + 2id^X^p + 2ie^''d^X,~p - 2Ad^B 

-2D^ + gDM'-K^K>' 

+ {D^<PUDyr + 2^x^^{D^Cr 



(4.91) 



+ y/2igX 



+ -gAe^^x,^X^, - igBe^^aCj + g^AB<p, 



where F^^ = d^uJi, — duUj^, and {D^(j))i = d^(j)i — -^goj^eijcf)^ . This action is the off- 
shell N=2 supersymmetry invariant extended version of the action ()3.33p obtained 
from partially gauge fixing of the generalized topological Yang-Mills action with the 
instanton conditions. Indeed, integrating D and K^, the action ()4.91|1 turns out to 
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be equivalent to the action ()3.33|) 

'1 



S= I d^x 



+ ^iAe'^x^.iX^j - 2V2iBe'^CiCj + 8AB\(f) 



(4.92) 



where we set g = 2a/2. Here the sets (0i, X/^i) and (A, S, a;^, p, A^, p) are the 
N=2 chiral multiplet and the N=2 vector multiplet, respectively, and their gauge 
transformations are given by the transformations ()4.85|) and ()4.74|) in the Wess- 
Zumino gauge: 

Sgaugei<Pi,Ci,Xf,i) = 2Im(t;) 6^^ (0^ C'' , ) , 

Sgauge^^f, = df,V, (4.93) 
SgaugeiAB, p, A^, p) = 0, 

where Im(^;) is the gauge parameter. These transformation of the fields is the S0{2) 
gauge transformation ()3.34j) . 

5 Twisting as Dirac-Kahler fermion mechanism 

We have observed in the quantization of the generalized topological Yang- Mills the- 
ory that a linear combination of the ghosts of shift symmetry of the topoligical 
nature of generalized Yang- Mills; and Ca, the anti-ghosts of instanton gauge 
fixing; XtJ.a and A, and the Lagrange multiplier of ghost symmetry; p, turn into mat- 
ter fermions via the twisting procedure which we identify as Dirac-Kahler fermion 
mechanism^^l- In other words the vector or tensor suffices of ghost fields and La- 
grange multiplier can be transformed into spinor suffices as in the eqs. ()3.36|) and 

= |(p + 7''C'^-7'A)a„ (5.1) 
Xo.i = U-Ci+rx,i-l'C2U. (5.2) 
It works exactly in the same way for the fields of ()4.49p and ()4.54j) . 

Cai = \{lx + iy, + l'x)^,, (5.3) 

1pa^ = ^ (iV^ + 7^^^ + • (5.4) 

The super charges of N=2 supersymmetry and the twisted N=2 super charges 
have the following relation: 

Qa^ = (■^Q + 7^Q, + l'Q) ■ (5.5) 
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This leads to the following algebra including the angular momentum generator J 
and R-symmetry generator R: 



[J, Qai\ = ^i'y^)a^Qf3i, 



2^'/"."^"" (5.6) 



and the algebra including the angular momentum generator of the twisted space J' 
and R: 

[J', Q] = \J\ Q\ = 0, [f, Q,] = ie,,Q\. 

[R,Q] = fQ, [R,Q,] = \e^,Q\ {R,Q\ = -fQ. 

Those generators have the following relation: 

J' = J + R. (5.8) 

As we can see from the above relations, the angular momentum generator J 
generates the Lorentz rotation of the spinor suffix and thus the spinor fields ipai, Xai 
and ^aii'4^ai have half integer spin while the R-symmetry generator R rotates the 
"fiavor" suffix i of those fermion fields. It is, however, interesting to recognize that 
the twisted angular momentum generator J' rotates the scalar, vector and tensor 
suffix of twisted super charges. In other words the fermion fields with scalar, vector 
and tensor suffixes transform as integer spin fermion fields. Thus the R-symmetry 
generator R plays the role of shifting the integer spin of ghost fermions into the half 
integer spin of the matter fermions. 

This situation can be more clearly seen by the following concrete example. The 
Lorentz transformation on the Dirac-Kahler field if) of ()5.H1 induced by J' is given 
by 



= ^lb^,^]■ (5.9) 
On the other hand the Lorentz transformation induced by J = J' — is 

= ^li^i^, (5.10) 

which precisely coincides with the Lorentz transformation of spinor field since the R- 
symmetry rotation Snip is the rotation of the "fiavor" suffix i of the matter fermions. 
This shows that Dirac-Kahler fermion mechanism is essentially related to the twist- 
ing procedure with N = 2 supersymmetry. 
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6 Conclusions and Discussions 



We have explicitly shown that the BRST charge; s, the vector supersymmetry 
charge; s^, and pseudo scalar supersymmetry charge; s, constitute the twisted su- 
per charges of D=N=2 super symmetry and are related to the N=2 supersymmetry 
charges; Q, in the following simple relation: 

Q= (Is + 7% + 7^5), (6.1) 

which has the same algebraic structure as the Dirac-Kahler fermion formulation. 
R-symmetry of N=2 super algebra is the "flavor" symmetry of the Dirac-Kahler 
field. 

Based on this supersymmetry algebra we have proposed the twisted D=N=2 
superspace formalism. We have defined the twisted superspace in terms of explicitly 
defined differential operators. We first have constructed models with the chiral 
superfield set (^,^): 

S = (-i)^* J (fxd^e Tr (**), (6.2) 

where \E' and \E' are chiral and anti-chiral superfields for Abelian case while the 
chiral condition is broken for the non- Abelian case. We have explicitly shown that a 
fermionic bilinear form of twisted N=2 chiral and anti-chiral superfields is equivalent 
to the quantized version of BF theory with the Landau type gauge fixing while a 
bosonic bilinear form leads to the N=2 Wess-Zumino action after nontrivial change 
of field variables. In showing these equivalences we have found that the ghost fields 
turn into matter fermion by the twisting mechanism. We claim that this twisting 
mechanism is nothing but the Dirac-Kahler fermion formulation, which is the essence 
of the twisted superspace formulation. 

Secondly, we have constructed the super and gauge invariant action with the 
chiral superfields ($, $"'") and the vector superfield V, 

S = J J de^^de-WW^ + A J d^x J d^e $+e^^$. (6.3) 

We have shown that the action in the Wess-Zumino gauge turns out to be off-shell 
twisted N=2 supersymmetric action which leads to the partially gauge fixed action 
with the instanton conditions of the generalized topological Yang-Mills theory after 
integrating auxiliary fields. The close relations between the twisting mechanism 
and Dirac-Kahler fermion mechanism can be more explicitly seen in this example. 
The role of the R-symmetry and the change of the spin structre from ghost related 
fermions to matter fermions in the Dirac-Kahler fermion mechanism are explicitly 
shown. 

The Dirac-Kahler fermion is formulated by introducing all the degrees of inho- 
mogeneous differential forms which are then transformed into Dirac-Kahler fermion 
fields possessing the spinor and "fiavor" suffixes. It is interesting to recognize that 
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the generalized gauge theory possesses all the degrees of differential forms as gauge 
parameters which then turn into ghost fields after the quantization of the generalized 
gauge fields ESI- expect that the quantized generalized gauge theory may 
lead to extended supersymmetry invariant actions even in other dimensions than 
two dimensions. 

As we can see from the formulation, the generalization of the twisted superspace 
formalism into four dimensions is very important proplem to pursue since we ex- 
pect to obtain off-shell N=4 supersymmetric actions in four dimensions. There 
are already some investigations on D=N=4 formulation of the topological field 
theories [7| IHI H 16 Ij . Along the line of the formulation of this paper we can indeed 
generalize it into four dimensions, however, it is not easy to find the known actions 
having N=4 supersymmetry j54j. 

Another important issue to recognize is that Dirac-Kahler fermion is a curved 
spacetime version of Kogut-Susskind fermion jSSl HE] or staggered fermion and 
thus a natural framework of the lattice fermion formulation. It was shown in the 
recent paper [HE] that the Dirack-Kahler fermion formulation can be defined in unam- 
biguous way in terms of Clifford product by introducing noncommutative differential 
form on the lattice. Here the notorious problem of the difficulty of the Leipnitz rule 
on the lattice is avoided by paying the price of introducing noncommutativity. We 
would like to show that the supersymmetry on the lattice with the noncommutativ- 
ity will be realized by using the formulation of the twisted superspace formalism of 
this article. 
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Appendix 

A. Notations 

Throughout this paper, we consider the two-dimensional Euclidean space-time, 
where the 7- matrices satisfy 

{7^,7^ = 0, (A.l) 

where 7^ = |e^j,7'^7'^ = 7"'^7^ , ei2 = —621 = = — = 1, and C is charge 
conjugation matrix which can be taken as C = 1 in the representation 7^^ = (cr^, a^). 
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